Abstract. We study a singular perturbation problem involving variational functionals that nearly degenerate on a thin layer with rapidly varying thickness. One interpretation is the reinforcement of a rod in torsion by a thin, oscillatory coating of a very strong material.
I. Introduction
Several recent papers have studied "reinforcement problems" [1] , [4] , [7] , [14] , so called because they include the torsion of a constant cross-section elastic rod reinforced by a thin layer of a very strong material. Mathematically, these are singular perturbation problems involving elliptic operators that nearly degenerate on a thin layer near the boundary. The present paper considers the analogous problem when the reinforcing layer has rapidly varying thickness. Our method is variational, employing the notion of F-convergence [2], [6], [11]-[13] .
A full statement of our results is given in Section 2; the main conclusion is Theorem 2.4, which identifies the F-limit of a certain sequence of functionals. This introduction will focus instead on the simpler linear case, which displays all the essential features of the general one. No familiarity with the theory of F-convergence is assumed. * This work was begun while the authors were visiting the Institute for Mathematics and Applications. RVK gratefully acknowledges additional support from ONR Grant N00014-83-K-0536, NSF Grant DMS-8312229, and the Sloan Foundation. GB gratefully acknowledges support from the Scuola Normale Saperiore of Pisa and the Italian CNR.
G. Buttazzo and R. V. Kohn ( 1 .2) Equation (1.1) is to be understood in the weak sense at the interface 01~, where a~ is discontinuous. Thus it asserts that ~u~ =f in f~ and eAu~ =f in E~, with the "transmission boundary condition" that u~ and a~(Ou~/O~) are continuous across 0YL For the interpretation in terms of torsional rigidity, we view ~ as the cross section of an elastic rod. The domain ~ is occupied by a material with unit shear modulus, while the material in the reinforcing layer E~ has shear modulus e-'. The torsional rigidity of the resulting rod is 4 S u~ dx, where u~ solves L~u~ = -1.
There is another mechanical interpretation of (1.1), involving antiplane shear; in this context our problem is one of"weak attachment." Once again 12~ is viewed as the cross section of an elastic rod, but this time the material in 5~ has shear modulus e. The boundary of the rod is clamped, and a body load f acts in the lengthwise direction. The solution of L,u, =f represents, in this interpretation, the lengthwise displacement of the rod.
Our problem is significant from the mathematical viewpoint because it involves the interaction of small coefficients, a thin domain, and oscillatory geometry. Thus it combines features of other, previously studied problems involving small
